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Define SF’ =x; =O (;)’ (r = 1,2, . ..). An elementary method is given for finding a 
recurrence for $,” with [(r + 3)/2] terms. This confirms an 1895 conjecture of 
Franel. K? 1989 Academic Press. Inc. 
1. INTRODUCTION 
We consider the sums 
(r = 1, 2, . ..). 
Simple properties of binomial coefficients give the recurrences 
and 
(n+ qLq2J, -(4n+2)Si2’=0. 
Over ninety years ago, Franel [ 1,2] gave the recurrences 
(n + 1 ,2s:3; 1 -(7n2+7n+2)S;3’-8n2S$3~I=0 (1) 
and 
(n + 1)3&s(4) .+,-2(6n3+9n2+5n+l)S;4’ 
-4n(4n- 1)(4n + 1,s;p1, =o. (2) 
Based on the above formulas for r < 4, Franel [2] conjectured that ,‘$:I 
satisfies a recurrence with [(r + 3)/2] terms for each r. This was confirmed 
for r = 5 and 6 by Perlstadt [3], who gave recurrences for Sr) in these 
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cases. Franel also gave a detailed conjecture about the form of the polyno- 
mial coefficients in the recurrences for S!,“) (Stanley [4, p. 1791 restates 
Franel’s conjecture), but this further speculation is disproved by Perlstadt’s 
results. 
The recurrences given by Perlstadt are 
i b;.“(n)S;~,pj=O (r=5or6) (3) 
/=O 
where 
l$‘(n) = (n + 1)4 (55n* - 77n + 28) 
b’,“(n) = - 1 155n6 - 693n5 + 732n4 + 715n3 -45n2 - 210n - 56, 
bi5)(n) = - 19,415n6 + 27,181n5 - 7453n4 - 3289n3 
+ 956n2 + 276n - 96, 
bi5’(n) = 32(n - 1)4 (55n2+ 33n + 6), 
bb6’(n) = n(n + 1)5 (91n3 - 182n2 + 126n - 30), 
b$‘j’(n) = -n(3458n8 + 1729n’- 2947n6 - 2295n5 + 901n4 
+ 1 190n3 + 52n* - 228n - 60), 
bi6’(n) = - 153,881n9 + 307,762n8 - 185,31 ln’- 2960d + 31,631n5 
+ 88n4 - 5239n3 + 610n’ + 440n - 100, 
blP’(n) = 24(n - 1)3 (2n - 1)(6n - 7)(6n - 5) 
x (91n3 + 91n* + 35n + 5). 
The purpose of this paper is to explain an elementary method which 
enables one to find, for each r, a recurrence for Sk’ with [(r + 3)/2] terms. 
Thus Franel’s conjecture is confirmed. The necessary computations can be 
done by hand for r = 5 and I did this some years ago (Perlstadt refers to 
this in a footnote in [3, p. 305]), but did not then make the application to 
Franel’s conjecture. Perlstadt’s proofs of the two recurrences in (3) were 
found via extensive computer calculations using the symbol manipulation 
program MACSYMA. Her method required too much calculation for any 
r 2 7. The method of the present paper could easily be implemented on a 
computer and would require vastly less computation. Thus explicit 
recurrences for SF) with various r > 7 could now be worked out, if so 
desired. 
The technique used here does not rule out the possibility that for some 
r, Sr) could satisfy a recurrence with fewer than [(r + 3)/2] terms; 
however, this seems unlikely in view of the work below. 
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2. SOME IDENTITIES 
Our method is based on two identities which involve the sums 
(12 0, r 2 1); 
note ,S),‘b = Sr). The first identity is 
(4) 
which follows when k is replaced by n -k in (4). The second identity is 
(5) 
f-’ t-r 
Sz’,=n’ 1 
( > 
S”’ 
m=O m 
n-1,r--m-r (tar-2 11, 
which follows from 
n-1 
n’k’-’ = 1 n’(k+l)” ‘. 
k=O k=O 
Note the special case 
s”’ = n’S”’ 1 ‘2,’ ” (7) 
of (6). 
We give the details of our method in the case r = 5 and then indicate 
how the method extends to the case of arbitrary values of r. 
3. THE CASE r = 5 
Our first step is to set up six equations in the six unknowns U, u, w, X, 
y, z defined by 
u = $5) 
II.49 v=sy:, w = sp& 
,y = $5) 
n-1.49 
y = $5’ 
n- 1.3, ZES’5 n- 1.2. 
Identity (5) with t = 1 gives 
(8) 
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we use (8) in all that follows to express SL$ in terms of Sk5’. Thus identity 
(5) with t=3 gives 
2v - 3nw = - +n3S5’ n . (9) 
Identity (5) with t = 5 and (7) with r=5 give 
5u - 1Onv + lOn*w = in4Sk5) + 2n4Sk5L 1. (10) 
Identity (6) with t = 6 and 7 gives 
S!$ = fn’(n + l)Sk5A, and Si5i = n5(z + nS”L ,); ” 
substituting these and (7) into identity (5) with t = 7 gives 
35~ - 35nv + 21n2w - 2n2z = $n4SL5’ + t(35n4 - 3n3)SL5! 1. (11) 
Equations (9), (lo), and (11) are the first three of our six equations. The 
next two equations are obtained by replacing n by n - 1 in (9) and (lo), 
which gives 
2y-3(n-l)z= -+(n- 1)3SL5L1 (12) 
and 
5x-lO(n- l)y+ lO(n- 1)2z 
=$(n-1)4S~5!1+2(n-1)4S~5!2. (13) 
To obtain the sixth equation, we use identity (6) with t = 8 and 9 to get 
Sff~=n5(y+3z+$(3n-1)S~5LI) 
and 
S$=n5(x+4y+6z+(2n-1)S~5LI); 
substituting these and the previously obtained identities for SLTj with j = 5, 
6, and 7 into identity (5) with t = 9 gives 
- 126~ + 84nv - 36n2w + 2x + ( -9n + 8) y + (36n2 - 27n + 12)~ 
= - 3.5n4Si5’ + (- 84n4 + 6n3 + 13.5n2 - 8.5n + 2)SL5L 1. (14) 
The next step is to solve the six equations (9) through (14); once this is 
done, there are many ways to use the solution to obtain the desired 
recurrence (3) for r = 5. For example, if we let 
f(n) = 55n2 - 77n + 28, 
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then solving the six equations gives 
and 
5f(n)z = n4SL5’ + $(77n4 - 319n3 + 441n* - 259n + 56)S;? 1 
- 56(n - 1)4Si5!2 (15) 
5f(n) w  = ;( 1 19n4 - 165n3 + 60n’)SI;S’ 
+ (297n4 - 594n3 + 431~7~ - 134n + 16)S;? 1 
-32(n- 1)4S;!2. (16) 
(The functionf(n) is relevant because the determinant of the system of six 
equations is Cn3f(n) for a certain constant C.) If we replace n by n + 1 in 
(15) and then multiply byf(n), we get an expression for Sf(n)f(n + l)Sfi. 
If we multiply (16) by f(n + I), we get another expression for 
5f(n)f(n + l)Sn,*. (V Equating these two expressions and simplifying gives 
the recurrence (3) for r = 5. 
4. THE CASE OF ARBITRARY r 
We first suppose that r is odd, say r = 2k - 1, k > 3. We shall set up 
k(k - 1) equations in the k(k - 1) variables 
Sri ; k - n , 1 +j  (O<i<k-2,O<j<k-1). (17) 
First we express all of the SK; with 1 <j 6 k - 2 in terms of the variables 
3:: with k - 1 <j d 2k - 5 which are in the set (17) and of the sum SF’. 
We do this by successively using the k - 2 identities (5) with 
t = 1) 3, 5, . ..) 2k - 5. Thus (5) with t = 1 expresses $1 in terms of Si) (see 
(8) above), (5) with t = 3 expresses SK’, in terms of Sg\ and Sr’, and so 
on. We shall refer to this procedure as “pushing up the subscriptj.” 
By the above remarks, the identity (5) with t = 2k - 3 gives an equation 
which involves only the variables Sz> with k - 1 <j< 2k - 3 and the sum 
SC’) We let n . 
f,(S;;. (k - 1 <j Q 2k - 3); S;‘) = 0 (18) 
denote this equation. Similarly, using (7) and the previous paragraph we 
see that the identity (5) with t = 2k - 1 = r gives an equation which 
involves only the variables SE;. with k - 1, <j < 2k - 2 and the sums St’ 
and SC? r. We let n 
gH(S~:(k-1<j<2k-2);S~‘,S~L,)=0 (19) 
denote this equation. 
82 T. W. CUSICK 
We take the first 2(k - 1) equations in our system of k(k - 1) equations 
to be the equations (18) and (19) with n replaced by n - i for 0 d i 6 k - 2. 
Note that these equations involve only the variables in (17) and the sums 
S”’ for 0 < i < k - 1. n-r 
To obtain the remaining (k-2)(k- 1) equations in our system of 
k(k - 1) equations, we first need to observe that we can express all of the 
sums St’+j (1 ,<j< 2k - 2) in terms of SfL i and Sri I.i with k- 1 Q 
j< 2k - 2. We do this by using identity (6) with t = r + 1, r + 2, . . . . 
r + 2k - 2 and the procedure, described above, of pushing up the subscript 
j in SrL ,,j. Now for each s, 1 d s < k - 1, we substitute these expressions 
for S!$+j (1 <j < 2k - 2) and the previously obtained expressions for SK), 
(lbjdk-2) and Sg! in identity (5) with t = r + 2s. This gives k - 1 
equations, each of which involves only (at most) the variables St> and 
S”’ “-i,, with k- 1 <j<2k-2, and the sums St’ and Sri,,. We let 
h (S~~,S~~,,j(k-l~j~2k-2);S~),S~~,)=0 “..Y (20) 
denote the equation corresponding to a given s, 1 <s d k - 1. We take the 
last (k- 2)(k - 1) equations in our system of k(k - 1) equations to be 
Eq. (20) with 1 <s 6 k - 1 and n replaced by n - i (0 < i < k - 3). Note that 
these equations involve only the variables in (17) and the sums S$!. i for 
O<i<k-2. 
Our system of k(k - 1) equations is obviously consistent, so we can solve 
it uniquely for the variables (17) in terms of the sums SF: i (0 Q i < k - 1 ), 
provided that the determinant of the system (which is a polynomial in n) 
is not identically zero. Even if this determinant were zero, we could still 
solve the system by appropriate choice of those variables in (17) which are 
available as free parameters. Given a solution of the system, we proceed as 
in the case r = 5 to find a recurrence for $‘I. There are many ways to do 
this, but all involve replacing n by II + 1 in the formula for one of the 
variables in (17). Thus we obtain a recurrence of shape 
c bj”(n)S;: 1 m-j = 0, (21) 
J=o 
i.e., one involving k + 1 = [(r + 3)/2] terms, as desired. It seems very 
unlikely that the determinant of our system of equations could be zero; this 
would give the existence of a recurrence for Sr) with fewer than k + 1 
terms. It may be that a detailed examination of our system of equations 
would yield a proof that its determinant is nonzero. 
It remains to consider the case when r is even, say r = 2k, k 2 3. This is 
handled in a way very similar to that for r odd. We again set up k(k - 1) 
equations, but now the k(k - 1) variables are 
fp’ n-r,k+j (O<i<k-2,O<j<k-1). 
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We express all of the St; with 1 <j < k - 1 in terms of the variables $,“’ 
with k 6 j < 2k - 3 and of the sum S, , (r) by successively using the k - 1 iden- 
tities (5) with t = 1, 3, . . . . 2k - 3. Now we use the identity (5) with t = 2k - 1 
and 2k + 1, and (6) with t = r + 1, to give the first 2(k - 1) equations in our 
system. The remaining (k - 2)(k - 1) equations are obtained from the k - 1 
equations given by identity (5) with t = r + 1 + 2s, 1 <s < k - 1. 
5. CONCLUDING REMARKS 
The method described above applies in a degenerate form (only two 
equations in two unknowns) to the cases r = 3 and 4. This furnishes very 
simple proofs for the identities (1) and (2) which were proved in a com- 
plicated way by Franel [ 1, 21. Clearly our method can be modified to give 
recurrences for many other sums involving binomial coefficients besides the 
sums St). We do not develop this idea here. 
Finally, it is likely that a closer analysis of the proofs above would lead 
to the determination of the degrees of the polynomials b;‘)(n) in the 
recurrence (21). Franel [2] had given an erroneous conjecture about these 
degrees. 
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